In this study, two ideal triple degenerate point (TDP) semimetals were predicted, namely, HfIrAs and HfIrBi, that exhibit clean TDPs around the fermi level. At the atomic level, the origin of the TDP was analyzed, and when combined with the low-energy effective 4-band model, it was found that the bulk inversion asymmetry directly determines the formation of the TDP for cubic crystals. The projected surface states and corresponding patterns of the fermi arcs with and without tensile strain were investigated for two different crystal face orientations [(111) and (110)], both of which could be detected using photoemission spectroscopy. In addition, the disappearance of the spin texture, which was studied in strained HgTe bulk states, was also observed in the surface states. The results of this study indicate that the two materials are unique platforms on which emergent phenomena, such as the interplay between the TDP of semimetals and superconductivity, can be explored.
INTRODUCTION
In the field of condensed matter physics, since the discovery of topological insulators in the past decade, many topological materials have been identified, and range from topological insulators [1] [2] [3] [4] to topological crystal insulators [5, 6] , from Dirac semimetals(DSMs) [7] [8] [9] to Weyl semimetals(WSMs) [10] [11] [12] [13] . Not only have these topological materials provided abundant platforms on which to realize unique particles in the field of high energy physics, they have also significantly advanced our understanding of the solid bands in such materials. For DSMs, such as A 3 Bi, where A = Na, K, Rb [7, 8] , and Cd 3 As 2 [9] , the four-degenerate Dirac points are protected by the C 6v and C 4v symmetry. For WSMs, the pair of Weyl points can be viewed as the splitting of four-degenerate Dirac points in momentum space due to the breaking of the inversion or time-reversal symmetries [10] . Furthermore, in contrast to DSMs and WSMs that are based on four-degenerate Dirac points and twodegenerate Weyl points, respectively, Bradlyn [14] proposed some new fermions in the spirit of crystal symmetry in which the degenerate band crossing points are 3, 6, and 8. In particular, triple degenerate point (TDP) semimetals have attracted more attention as they can be considered as the states between DSMs and WSMs. In fact, a TDP has been observed in HgTe [15] along the [111] direction. Sometime later, InAs 0.5 Sb 0.5 with a CuPt structure [16] , was proposed as a novel topological TDP semimetal. Other classes of materials, such as ZrTe, MoC, WC, and WN, have also been proposed as TDP semimetals [17] and the status of the MoP structure has been confirmed via experiments [18] . All of these TDP semimetals can be divided into two classes, called Type A and Type B, based on topologically different invariants accompanied by either one or four nodal lines [17] . The strained HgTe and InAs 0.5 Sb 0.5 are Type B TDP semimetals and MoC is a Type A semimetal.
Recently, the existence of many other TDP semimetals [19] [20] [21] [22] [23] [24] [25] have been predicted, including some ternary halfHeusler materials, such as LuPdBi, LuPtBi, and LaPtBi [23] . Since the [111] high symmetry line(Γ-L, C 3 axis) in the Brillouin Zone (BZ) is protected by C 3v symmetry, this facilitates one two-dimensional representation and two one-dimensional representations, which satisfy the requirements for a TDP that has at least one twodimensional representation and one one-dimensional representation. These ternary half-Heusler materials can be distinguished based on the number of TDP pairs along the C 3 axis. In the frame of the 6-band Kane model, two key parameters, namely, C and ∆(i.e., the gap between the Γ 6 and Γ 8 states) determine the phase [23] . However, the physical mechanism underlying parameter C is not clear. At the same time, other materials in the NaCu 3 Te 2 family [24, 25] are considered to be ideal TDP semimetals as the TDPs around the fermi level in these materials do not coexist with other quasiparticle bands. Compared with previous half-Heusler materials, these ideal materials facilitate easy exploration of the intrinsic electron structure and transport properties of TDP semimetals. This raises the question of whether ideal TDP semimetals exist in the half-Heusler regime. Based on our research, the answer to this question is positive.
In this study, two half-Heusler materials were predicted, namely, HfIrAs and HfIrBi, that are ideal TDP semimetals, the origin of the TDP was explored at the atomic level, and the physical effect of the C parameter noted in [23] was identified via a 4-band effective Hamiltonian model based on the bulk inversion asymmetry (BIA) or Dresselhaus effects [26] , which is an essential step in the realization of TDP semimetals in cubic crystals. The projected surface states and fermi arcs for two different crystal face orientations were also investigated with and without tensile strain as the tensile strain will induce a band gap at the Γ point and double the number of TDPs, which will result in differences in the bulk and surface states. Finally, the disappearance of the spin texture around critical points in the surface states was also observed as a bulk phenomenon [15] and was found to be directly determined by changes in the spin winding number.
RESULTS AND DISCUSSION
The primitive cell structure of HfIrAs (HfIrBi) is depicted in Fig. 1(a) and the related conventional cell has a noncentrosymmetric face-center-cubic structure with a space F -43m(No. 216). This structure has eight C 3 axes and six mirror planes. The bulk and surface BZs are shown in Fig. 1(b) , and the surface BZ is explained later in this paper. The band structure of the HfIrAs and HfIrBi, including the spin-orbital coupling (SOC), can be seen in Figs. 1(c) and 1(d). In the figure, the fermi energy was set to 0 eV. Note that it is only necessary to observe the band structure around the point as there is no state near the fermi level in any other areas across the entire BZ. In addition, based on the symmetry analysis, the four bands near the fermi level around the Γ point are part of the Γ 8 representation and the lower two bands are part of the Γ 6 representation in the T d point group.
To provide a better understanding of the bands, the band evolution by crystal-field splitting, orbital hybridization, and SOC at the Γ point at the atomic level are illustrated in Fig. 1 2 ) and two-degenerate Γ pd 7 state. Meanwhile, the SOC can also further lift the hybridized a 1 state and induce the Γ 6 state that resides below the lower state. Here, the sites of the Γ 6 state is determined by the strength of the SOC for the case of HfIrBi, as in ScPtBi [27, 28] , or the lower s state of As in the case of HfIrAs. Apart from the Γ point, linear and cubic spin splitting can also exist as HgTe due to the absence of inversion symmetry. In terms of the [111] line with the C 3v little point group, the states split as they transform according to the onedimensional double representation Γ 4 and Γ 5 from the C 3v perspective. However, the states transform according to the two-dimensional double-group representation Γ 6 and are thus do not split along this direction. Therefore, once band crossings arise between Γ 6 and Γ 4 and show schematic diagrams of band evolution in the vicinity of Γ point for HfIrAs and HfIrBi. In the cubic structure, each atomic site has T d symmetry. Hence, the d orbital splits into the T2 and E states and the p orbital is in the T2 state. According to the group theory, the hybridization is allowed for the same irreducible representation, which means that not only the T2(E) states, from the nearest neighbours of Hf and Ir strongly couple and repel each other, but the p states of As(Bi) also contribute as well. The above hybridization and SOC together result in low-ling Γ pd 8 states. In addition, the hybridized a1 state, originating from s states of Hf Ir and As(Bi), can stay above or below low-lying t2 state until it splits with the help of SOC. The low-lying branch of splitting is Γ It should be noted that the coupling between the d states from the tetrahedrally nearest neighboring Hf and Ir atoms directly determine the formation of the Γ 8 band. Thus, the evolution of the band structure was investigated as a function of the relative distance between Hf and Ir along the [111] direction. Since varying the distance as described above does not violate the C 3v symmetry, it can be considered to be a symmetry-allowed perturbation that drives the system from one phase to another and vice versa. Fig. 2 and Fig. 3 show the evolution of the band structure for HfIrAs and HfIrBi for three different distance values. When Hf and Ir atoms are close, the two bands are separated from each other due to the strong coupling between the d states. As the distance increases, the coupling becomes weaker, and they begin to touch and anticross. In the presence of the SOC, each of the anticrossing points will split into a pair of TDPs. As the critical value of the distance is in the ideal structure, we expect that these two materials can appear on either side of the phase diagram under different synthesis conditions.
Next, we elucidate the origin of the TDP in terms of the effective Hamiltonian. A 4-band model [26, 29] can be used to describe the band structure near the Γ point according to the k · p theory. The effective Hamiltonian is:
where H 0 denotes the Luttinger Hamiltonian and H BIA represents the BIA term due to the absence of inversion symmetry. The details of the Luntinger Hamiltonian are as follows: where γ 1 , γ 2 , γ 3 are the Luttinger parameters, J i denotes the spin-3/2 matrices, {} denotes anti-commutator and c.p. refers to cyclic permutations. The BIA Hamiltonian as the main perturbation is:
Without BIA term, the band structure along the [111] direction can be easily obtained by solving the Eq.(2): E(k) = γ 1 + 3γ 2 ± 3/4 γ 2 2 + γ 2 3 k 2 where
The two bands are both twodegenerate and the TDP is not expected to be away from Γ. This is caused by the presence of inversion symmetry in Eq. (2) Ck. The parameter C denotes the strength of BIA. The last band dispersion are E Γ6 (k) = γ 1 + 3γ 2 + 3/4 γ 2 2 + γ 2 3 k 2 and E Γ4,5 (k) = γ 1 + 3γ 2 − 3/4 γ 2 2 + γ 2 3 k 2 ±3C/ √ 2k. As a result, the TDP position can be derived from
Therefore, although the magnitude of C is small, it plays key role in realizing TDP in cubic space group. That is to say, the BIA is the source of the TDP in cubic crystal structures, such as III-V and half-Heusler materials.
The example of the NaCu 3 Te 2 family of TDP semimetals [24, 25] also confirms this conclusion. The splitting of Γ 4 and Γ 5 is primarily due to the BIA effect [29] and it is universal for TDPs along C 3 axis. Further, the strain can be considered to be an important band engineering tool that can be used to tune the band structure. According to the previous arguments [17] , the case of an ideal HgTe is a trivial scenario while the case with tensile strain along the [111] direction is a type B TDP. Hence, tensile strain was added along the [111] direction for a fixed the cell volume as this type of strain breaks the cubic symmetry and lifts the degenerate Γ point. Consequently, a band gap appears at Γ point. The band structure of the strained HfIrAs and HfIrBi are shown in Fig. 4(a) and 4(b) . Note that the number of TDP along [111] direction is doubled. As there are 8 C 3 axis, the total number of TDP now is 16. This is due to the lifting at the Γ point. This increases the number and changes the positions of TDPs. Based on the above described effective Hamiltonian, the perturbation Hamiltonian induced by the strain is
where the d is the strain elasticity parameter and the ǫ 111 is determined by the strength of the strain. A value of ǫ 111 > 0 represents tensile strain and ǫ 111 < 0 represents compressive strain. Here we ignore the mixed terms between the strain ǫ and wavevector k and retain the lowest order approximation. Under this approximation, the splitting energy at Γ point is equal to |dǫ 111 |. The above analysis indicates that the gap at the Γ point increases linearly with the increasing strain. If the tensile strain is replaced by compressive strain, the system begins to enter the topological insulator phase as described in [15] . The results in Fig. 4 (c) and 4(d), which were calculated from first principle, support above theoretical analysis. Based on the unique properties of the bulk states, the corresponding surface states and fermi arcs may bring differences. As is known, surface states are used to characterize topological materials as they are easily detected in experiments. In topological insulator, gapless surface states are the focus. In contrast, in DSMs and WSMs, both the surface states and fermi arcs that link the Dirac and Weyl points are the focus. Since the TDP semimetals can be viewed as an intermediate phase between DSMs and WSMs [17] , their surface states and fermi arcs are worthy of careful investigation. A key factor for surface states is the crystal face orientation. Here, we distinguish two types of crystal surface depending on the projected position of the C 3 axis. For the type I surface (111), six L points are projected to six different M points, while the other two are projected to Γ point in the surface BZ. For type II surface (001) or (110), L points are projected to the corner of the square surface BZ. All of these projections from the bulk to surface BZ are illustrated in Fig.  1(b) .
Since a typical TDP can be considered as two Weyl points with opposite charities, two fermi arcs are expected to emerge from a TDP. In the case of type I, two TDPs are projected at the Γ point and the other six TDPs are projected onto the line of Γ − M. As a consequence, the surface bands disappear from the surface BZ boundary to the center Γ point. Meanwhile, the six TDPs are linked by the six fermi arcs as shown in Fig. 5(b) . This pattern is preserved by the C 3 symmetry. These results agree well with those of the previous half-Heusler materials [23] . In the other case, no TDP is projected at Γ point on the surface BZ. Thus, the surface bands disappear at the TDPs As the C 2 point group preserves the surface BZ, it keeps the degenerate of the surface bands at R and X point and the resulting pattern of the fermi arcs are different from the (111) surface case. This can be seen in Fig. 5(c) and 5(d) . The corresponding surface states and fermi arcs of HfIrBi are shown in Fig. 6 .
In the preceding discussion, the surface state and fermi arcs were obtained without tensile strain. Now, tensile strain is considered. Under the tensile strain along the [111] direction, the tetrahedral point group T d is reduced to the trigonal point group C 3v , which has significant influence on the pattern of the fermi arcs. For Type I, the C 3 symmetry along the [111] direction is maintained. Thus, the fermi arcs should also retain a similar hexagon pattern and this is confirmed by Fig. 7(b) . However, the linked lines between the center and the outer corners of the pattern, split into two branches due to the broken of C 3 symmetry along the other equivalent [111] direction, which doubles the number of TDPs. Although the projected positions of the TDP pairs are very close, they are not identical. At the same time, no gap is observed at Γ points as the gapless projected TDPs at the Γ points hide the bulk gap. For the type I, a band gap appears at the Γ, as indicated by the blue area near the fermi level as there is no projected TDP at Γ. These differences can be clear seen in Fig. 7 .
Another special feature of topological material is the spin texture of the surface states. Little information is available on the spin texture of surface states, although more is known regarding the bulk states [15] for TDP semimetal. In this study, the spin textures of the surface states were explored with and without tensile strain along the [111] direction and the results are shown in Fig.  8 . The chiral spin texture was found to be widely distributed in the bright area delineated by the fermi arcs. This phenomenon is similar to that in topological insulator in which the spin texture most widely distributed on the gapless surface states. However, some differences do exist. The spin texture, disappears near the six corner of the fermi arcs as the bulk material [15] , is flipped at these critical points due to the changes in the spin winding number, which is the result of bulk-edge correspondence.
METHODOLOGY
The calculations were performed using the Vienna ab initio simulation package(VASP) [30] . The core-valence interaction was depicted by the projector augmented wave method [31] and the generalized gradient approximation of Predew-Burke-Ernzerhof(GGA-PBE) [32] was selected for the exchange-correlation functional. The kinetic energy cutoff was set to 560eV and the k-point mesh was 9 × 9 × 9. SOC was included in the band calculation. The lattice constant of HfIrAs and HfIrBi were a = 6.159Å and a = 6.476Å [28] and the 4c 4b and 4a Wyckoff positions were occupied by the Hf, Ir and As(Bi) atom. In order to simulate the strain, the lattice constant was varied for a fixed the cell volume. The underestimation of the band gap was improved via the Heyd-Scuseria-Ernzerhof hybrid functional described in the band structure calculation in [28] . In addition, the unique surface states and fermi arcs, were visualized using the WannierTools package [33] . The numerical tightbinding model was constructed on the basis of maximally localized Wannier functions [34] . 
CONCLUSION
In conclusion, the existence of two ideal TDP semimetals, HfIrAs and HfIrBi, by first principle calculations. The origin of the TDP is revealed via the frame of energy band evolution at atomic level and 4-band k · p effective Hamiltonian. The BIA performed an essential role in the formation of TDP in cubic crystals. In addition, the influence of the strain on the band structure was investigated. The presence of tensile strain along the [111] direction induces a gap at the Γ point and doubles the number of TDP. As was described, surface states, fermi arcs and spin texture for two different type of crystal face orientation were investigated. The hexagon pattern of the fermi arcs was also observed to be consistent with those of previous predicted half-Heusler TDP semimetal [23] . At the same time, the spin texture, that was found to be distributed mostly on the fermi arcs, disappeared at some critical points in the surface states. These observable phenomena can be detected quite easily in experiments as there is no other quasiparticle band around the TDPs. Thus, the two materials provide a very useful platform on which to study the electron properties of TDPs semimetal, especially in terms of their quantum transport properties.
